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Abstract 

We study the character sums 

4’(-m,n){a,b) = ^ 0(a;(a:™ + a)(a;" + b)), and, 'tp(m,n){a,b) = ^ + a)(a;" + b)) 

where (j) is the quadratic character defined over Fg. These sums are expressed in terms 
of Gaussian hypergeometric series over Fg. Then we use these expressions to exhibit 
the number of Fg-rational points on families of hyperelliptic curves and their Jacobian 
varieties. 

Keywords: Character Sums; Gaussian Hypergeometric Series; Hyperelliptic curves. 

1 Introduction 

Throughout this paper p will denote an odd prime and q = p'^ where r is a positive 
integer. We will write Fg for the finite field with q elements. We let e denote the trivial 
character and 0 denote the quadratic character over Fg. In other words, e{x) = 1 for 
every a; G Fy and e(0) = 0; whereas d(a;) = 1 if a: is a square in Fy 0(a;) = —1 if a: is 
not a square, and 0(0) = 0. If a G Fy the Jacobsthal sum (f>n{ci) is defined by 

0n(a) = ^ 0(a;)0(a;" + a) 

XeFg 

and the modihed Jacobsthal sum is defined by 

Cn(a) = ^ 0(a:" + a) 

XeFg 
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where n is a positive integer. Some of these sums are studied in literature, see for example 
[S] in which these sums are evaluated for small values of n. In |T3] the character sums 

(j){ax^ + bx + c)(j){Ax^ + Bx + C) 

x&p 

are written in terms of simpler character sums. More precisely, the latter character sum 
is written in terms of a sum of the form 0 (/(a:)) where f{x) is a cubic polynomial 

xSFp 

such that = f{x) is an elliptic curve. Consequently, some of these sums are evaluated 
explicitly which enables the author to hnd the number of rational points on elliptic 
curves dehned via certain Weierstrass equations or quartic equations over prime helds. 

Let a, 6 G Fq. In this note we are concerned with the following character sums 

E 0 (x) 0 (x™'+ a) 0 (a;” + 6 ), and 

X&q 

(j){x'^ + a)(j){x'^ + b). 

xe¥q 

These character sums can be thought of as generalizations of Jacobsthal sums and 
modihed Jacobsthal sums respectively. We study the basic properties of these character 
sums. Then we focus on these sums when both m and n are powers of the prime 2. In 
fact assuming that q satisfies certain congruence relations we make use of elementary 
identities satisfied by Jacobi sums in order to express V’(m,n)(o, &) and (j)(m,n){cL,b) in 
terms of specihc Gaussian hypergeometric series. More precisely the character sums 
'il^(m,n){cL,b) and (j){m,n){(i',b) are written as sums of values of Gaussian hypergeometric 
series and 3 F 2 . 

Since Greene initiated the study of hypergeometric series over finite helds in [7], 
many authors have written the number of rational points on algebraic curves over hnite 
helds in terms of diherent Gaussian hypergeometric series, see for example n, 0 , 0 , 
and m- Using identities relating the number of F^-rational points to hypergeometric 
series one can evaluate these series at specihc values, see for example [TO] . 

Given a hyperelliptic curve C dehned over F^ one can express the number of F^- 
rational points on C using a sum of the quadratic character 0 over elements in F^. In 
this note we are concerned with hyperelliptic curves whose number of Fg-rational points 
is expressed using the sums 'ip(m,n){.o,,b) and cj)(^rn,n){(^,b). In particular, we study the 
number of Fg-rational points on the hyperelliptic curves dehned by the following affine 
equations 

= {x^+ a){x^+ b), a,be¥^, a^b, 

= x{x'^ + a){x'^-\-b), a,be¥g, a ^ b. 
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Consequently, we establish a connection between the number of Fg-rational points on 
these hyperelliptic curves and Gaussian hypergeometric series. One may go one step 
further and exploit the link between the number of Fg-rational points on hyperelliptic 
curves and the number of Fg-rational points on their Jacobians in order to produce 
explicit formulas for the latter number in terms of values of Gaussian hypergeometric 
series. 


2 Gaussian Hypergeometric Series 


In this section we introduce Gaussian hypergeometric series. Then we display some of 
the properties enjoyed by these series. We hrst recall that a multiplicative character x 
over ¥q is a homomorphism from F^^ —)• C^, and we extend x to F,j by setting x(0) = 0. 
Let J{A,B) denote the Jacobi sum 

J{AB) = E A{x)B{l-x) 

xe¥q 

where A and B are multiplicative characters over F^. Let Aq, Ai,..., An and Bi,, Bn 
be multiplicative characters dehned over Fg. The Gaussian hypergeometric series is 


n+l 


Fn 



Ai 


Ar, 

Br 


X 



X{x) 


where the sum is over all characters over Fg, see Dehnition 3.10 in [7], and 



^^^J{A, B) = A{x)B{l - x) 


and B is the character 1/5, see Dehnition 2.4 in [7]. 
One can hnd the following properties of the symbol 



in [7]. 


Lemma 2.1. Let e and 0 he the trivial and quadratic characters over¥q respectively. 
For any multiplicative characters A and B over Fg, one has: 


a) ^4(1 + x) 
X 0; 


5{x) + 


g 

q- 1 



x{.x) where 5{x) 


1 if X = 0 and 6{x) =0 if 
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b) Ail — x) = Six) H- - —^ where 5ix) = 1 if x = H and (5(a;) = 0 if 

? - 1 ^ V X / 

X ^ 0; 

. f A\ 

\b) ~ \ab)’ 

fA\ fBA\ , , 

[b) = [b)^^-^^’ 

e) { ) = (.)=-1"^- <^(^) where (5(A) = 1 if A = e and (5(A) = 0 otherwise; 

\e J \AJ q q 

f) = (<t>Bx\( Bx\( 

^ \ X ) \ X J Wx. “ 


i?x(4). 


3 Evaluation of Some Character Sums 


In this section we link some character sums to certain hypergeometric series. 

Lemma 3.1. Let f :¥g ^ C be a map. One has 

Hx)f{x) = “ Y 1 

X£Vq x&q x&q 

In particular one has'ip 2 n{a) = ^n(a)+0n(a), andfj; 2 m, 2 n){a,b) = 'ip(m,n){a,b)+(l>(m,n){a,b)■ 
Proof: This holds since 


Hx)f{x) = ^ (1 + (l>{x))f{x) - fix)- 

X&q X&q X&q 


The result follows as 1 + (l){x) is either 2 if a; is a square in ; or 0 otherwise. 
Corollary 3.2. Let a G and let x^'f characters on F^. Then 


X&q 

In particular if x = 4> then 
ilj{x‘^)(j){l + ax"^) 

X&¥q 


qcfi-l) 


fj (-a 




□ 
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Proof: By setting f{x) = 'ijj{x)x{^ + ax), Lemma IXTl implies that 

^ V’(a;^)x(l + ax'^) = ^ ^(a;)x(l + ax) + ^ 0^/>(x)x(l + ax) 

X&q XSFq X£¥q 

Now, since the map x i—)■ —a~^x is bijective over F^, one has 

'^i){x^)x{l +ax^) = i) {-a~^)'^i){x)xil-x) + (j)i) {-a~^)'^(j)^l){x)x{l-x) 

X&q X&q X&q 

= J{'ip,x) + (t>'>P{-a~^) J{(t)'il),x), 

where the last equality holds from the dehnition of the Jacobi sum. When x = 0; 
has 


+ ax^) 


-0 (—a ^ 

#(-l) 


) J (^, 0) + 00 {-a J (00, 0) 

(-“N (‘^/) 


where the last equality is implied by the definition of the symbol 
concludes using Lemma [2N] (c). 



Now one 
□ 


In fact one can generalize the identity above to reach more identities relating similar 
character sums to Jacobi sums. For example, if g = 1 mod 4 then there exists a character 
Xa of order 4 over ¥q. In this case if 'ijj and x cLre characters over then Lemma 13.11 
implies that 


0(^^)x(l + ax^) 

X&q 


(j){x)'ip{x^)x{l + ax^) + Y 0(^^)x(l + ax^) 

X&q X&q 

Yx^'4^{x^)xil + ax^) + Y 0(x^)x(l + ax^). 

X&q X&q 


Now using Corollary 13.21 one has 


Y = J^40 {-a J (X40, x) + X40 (-« J (X40> X) 

+ 'ip{-aY + 0^ (-«"^) Ji.4>'>P^x)- 

Therefore, 

3 

^0(x^)x(l + ax^) = ^X40 (-a"^) J(x^V',x)- 
Now one can obtain the following result using a simple induction argument. 
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Theorem 3.3. Let m = 2* where t is a positive integer such that q = I mod m. Let 
X,i^ be characters on and Xm a character of order m over Fg. Then one has 

m—1 

X^¥q fc=0 

In particular, the following holds. 

%b 

^ + ax”^) = g0(-l) ^ (-a"^) ( fc-f 

xeF, fc=o VXm ^ 

4 The Character Sums 6) and 

In this section we study the character sums &) and (;/)(m,n)(o, &). Moreover we 

express some of these sums using hypergeometric series. 

Let m and n be nonnegative integers. Let a and b be elements in F^. In this note 
we are studying the following character sums 

^(m,n)(a, b) = (fix^ + a)0(a;’" + 6), 

x€¥q 

0(m,n)(a, b) = ^ 0(a;)0(a;™ + a)0(a;” + h). 

x€¥q 

4.1 Basic Properties 

The following lemma collects some basic properties of these character sums. 

Lemma 4.1. Let X{m,n) G , 0(m,n)} ■ The following statements hold. 

h X{m,n)iflib') X{n,m)(bj 

n- 4>{nfi){a,b) = 0(1 + 6)0n(a), and, 'ip(n,o){a,b) = 0(1 + 6)0n(a). 
in- 0(m,n)(a”',&) = 0(a”'’^”)0(m,n) (^1, ■ 

iv. 0(m,n)(a”',&) = 0(a”'’^”’^^)0(m,n) (^1, ■ 
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Proof: i) and ii) are obvious. For iii) one can verify the following equalities 




+ «”")</> {x"" + b)= Y1 




where the second equality is obtained via replacing x by ax. The proof of iv) is similar 
to that of iii). □ 


4.2 The Character Sum ^^ 2 , 2 ( 0 , &) and Elliptic Curves 
In [13] the following identity was proved 

(f) [ax‘^ + bx + c) (j) {Ax^ + Bx + C) = ^ [4>{x)(j) {Dx^ + Ax + d)] — (j){aA) 

xeFp x€¥p 

where a, b, c, A, B, C are integers; and D, A, d are dehned by 
D = B^ — AAC, A = AaC — 2bB + 4cA, d = b^ — 4ac; and A^ — ADd ^ 0 (mod p). 
The above equality yields the following formula for t/’( 2 , 2 )(a, b). 

" 0 ( 2 , 2 ) (a, &) = 0(x^ + a)0(x^ + b) = 0 {x{-Abx‘^ + 4(a + b)x - 4a)) - 0(1) 

xSFp xe¥p 

= 4>{—b) 0 (x(x — l)(x — ab~^)) — 1. 

a;GFp 

Given an elliptic curve E dehned over Fg, the trace of the Frobenius of E is ag(A) = 
1 + g — |F'(Fq) I. In fact if E is described by the Weierstrass equation = x{x — 1)(x — A) 
then ag(A) = — 0 (x(x — l)(x — A)), see ( 6 ) in [TOj. The following corollary is an 

xe¥q 

immediate result of Theorem 1 of [101 . 

Corollary 4.2. Let a,6 G F^ . Assuming that a ^b, one has 


0 ( 2 , 2 ) (a, &) = -(f){-b)ap {ab ^) - 1 = p(t){b) x 2 P 1 



- 1 . 
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Using the above corollary one can express the number of Fp-rational points on the 
elliptic curve E described by y'^ = + a)(x^ + 6) as a hypergeometric series. This 

holds because |i?(Fp)| = p + 2 + V’( 2 , 2 )(a, b). 

In view of Theorem 2 of [10], the following result follows. 


Corollary 4.3. Let a, 6 G F^ he such that a 


i^{2,2){a,b) = 


■ 1 , 


where b G {—a, 2a, a/2}. 


7 ^ b. One has 

if p = 3 (mod 4 ) 
if p = 1 (mod 4:), p 


+ y"^, X odd, 


In what follows we derive the same representation for '?/’( 2 , 2 ) (a, b) as a hypergeometric 
series if the base held is F^ instead of Fp. 

Proposition 4.4. Let a,b be such that a ^ b. One has 


i’( 2 , 2 )ia,b) := ^ 4>{x^ + a)(p{x‘^ + b) = q4>{b) x 2 P 1 


x&„ 


1 . 


Proof: Using Lemma [2.II a), one has 

V’( 2 , 2 )(a,&) = ^ + a)0(a:^+ 6) = 0(a6) ^ 0 0 


X&„ 




The term 0(a6) appearing after the third equality corresponds to a; = 0. Now Corollary 
13.21 implies that 

/ t i.\ : (l^(p{-ab) ^ f (j)x\ I r , ^ ( X\ , ^ r n 

0(2,2)(a,fe) = 0(a&) +- )x{-b ' “ ' ~ 

X 




= (f){ab) + q(j){—ab) 
Now one obtains 
0 ( 2 , 2 ) (a, &) = 0(a6) + g0(-a6) 


2 Pi 


+ (f){—a) X 2P1 


_ 0(-l) 

b J q 


+ q(({b) X 2P1 


= -1 + g0(6) X 2 P 1 


a 

br 

















where the hrst equality follows from Corollary 3.16 ii) of [7], and the second equality 
holds since f = —, see Lemma [ 2 TT] el. hence 

\(J^J Q 


q(j){—ab) 


a\ 0 (—1) 


= q(j){—ab) 

= -</>(!)- 0 (a 6 ). 


0 (-l) 

q^\b 


q 


□ 


4.3 The Character Sums and 

Now we study the character sums 'ip{m,m){ci,b) and 0(m,m)(o, &) where m is a positive 
integer, q = I (mod 2 m), and a, 6 G F^. 

Lemma 4.5. Let m be a positive integer such that q = 1 (mod 2m). Let X 2 m be a 
character of order 2m over F^. Then one has 

m—1 

V'(m,m)(a,&) = ^(j){x + a)(j){x + b)^xltix), 


x&„ 


and 


k=0 


m—1 


0 (m.m)(a,&) = ^ 0 (x + a) 0 (a; + 6 ) 


Proof: In order to show that the first equality holds, one uses the fact that X 2 m ^ 
character of order m, therefore one has 


1 if X = 0 , 

(xlm) (x) = I m if X is an m-th power in F^, 
0 otherwise. 


m—1 


k=0 


Now recalling that V'(m,m)(a, 0(x™' + a)(l){x^ + b), it follows that 'ip{rn,m) 

m—1 

^ 0(x + a)0(x + b)Y^ xlLix). 


x&„ 


xGFo 


k=0 
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Now since '?/’( 2 m, 2 m) = X] 0 + a) 0 + 6), and 

X&¥q 

2m-i p ifa; = 0, 

y~] X 2 m(^) = \ 2m if a; is a 2m-th power in , 

[ 0 otherwise, 

2m—1 

it follows that 1 p{ 2 m, 2 m) {cb-, 0(a; + a)(l){x + h) E X2m{x). 

XdVq k =0 

The character sum (f>{m,m){cL,b) is given by 

(p{m,m) (®) '4^{2m,2m) t/’(m,m) (®) ^) • 


Thus, 

2m— 1 m— 1 

0(m,m) (a, b) = (pix + a)(p{x + b) xL(a^) - X] + a)<P{x + b)Y xlmi^) 

XG.¥q k=0 XG¥q k=0 

2m—1 

= ^ 0(a; + a)0(a; + 6) Y xLix) 

XG¥q k=0,2]k 

m—1 

tcEFg k=0 

□ 

Now one can express the character sums 'ip{m,m){ci,b) and (l>{m,m){ci,b) in terms of 
Gaussian hypergeometric series of type 2 -F 1 . 


Theorem 4.6. Let m be a positive integer such that q = I (mod 2m). Let X 2 m be a 
character of order 2m over F^. Then one has 


m—1 


^(m,m)(a,&) = q(i){-ab)Yxlmi.-o) ^ 2F1 


k=0 


[0 Xfm 

a ] 

1 2k+m 

b 

\ X.2m 

/ 


and 


m—1 


^,m){a, b) = q(t){-ab) Y xfm^{.-o) x 2 F 1 


0 X 2 : 


2k+l 


k=0 


2fc+l+m 
A 2m 
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Proof: Lemma [4.51 implies that 


m —1 

k=0 

One replaces x with —ax in the above eqnality in order to have 

m—1 

(a, b) = '^ 0(a - ax)(j){b - ax) ^ xlt.{-ax) 

3:GFg k=0 

m—1 

= 4>{ab) xlti-a) Y ~ ^ 2 m(^) 

k = 0 XG¥q 

m—1 

= (Piab) Y xfmi-a) Y {xfmXfn^"^) (1 “ x)(j) (^1 - ^X^ . 

k=0 


Using [TJ Definition 3.5], the inner snm can be written in terms of a Gaussian hyperge¬ 
ometric series of type 2 P 1 


m—1 


i^{m,m){a,b) = (j){ab)Yxfm{-a) ^k+mr X 9 X 2i^l 

X2m I -*-1 


fc =0 


■y2k 

A2m 

2k-\-m 

X.2m 


m—1 


q<t>{-ab) Y X 2 m(-«) X 2 F 1 


fc =0 


to to 

- 1 

1 2k+m 

b ) 

\ X.2m 

/ 


The proof of the second equality is similar. 


□ 


5 ^(2,4) the Hypergeometric Series 3F2 

Lemma 5.1. Set A = a?/b. Assume that X ^ {0, —1}. Then one has 
1 + 'Y^ (t> + ci){x‘^ + b)) 

X&¥q 
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Proof: One has 


^ 0 {x{x + a){x^ + 6)) 

XdVq 


(l + J 0 M +- 

xeFj ^ 

^ 0(1 + a;)0 fl + 

x&¥^ ^ ^ 

(t>{b) ^ 0 (1 + x) 0 

xeFj ' 

0 (-^) ^ 0 (x - 1 ) 0 I^X^ + y ^ 


The trace of the Frobenius aq(A) of the Clausen elliptic curve dehned by the Weierstrass 
equation y‘^ = [x — l)(x^ + A) over is given by aq{\) = — 0(x — l)0(x^ + A). The 

X&q 

interested reader may consult [ 6 ] for the arithmetic of rational points on Clausen elliptic 
curves over hnite helds. Now it follows that 


^ 0 (x(x + a)(x^ + 6 )) = -0(-6) [ag(A) + 0(-A)] 

X&q 

= -0(-6)ag(A) - 1. 

In other words, one has 


a,(A)2 = 


1 + ^ 0 (x(x + a)(x^ + 6 )) 


a;GF„ 


Now one uses Theorem 5 of [TO] which states that 


X 3-^2 




A + 1 


e e 


A 


A + 1 


□ 


Theorem 5.2. Leta,b G . Set X = a?/h. We assume moreover that X ^ {0,-1}. Let 
aq{X) be the trace of the Frobenius of the elliptic curve described by y'^ = (x —l)(x^ + A). 
Then 

'0(2,4)(a, b) := ^ 0(x^ + a)0(x"‘ + b) = —((){—b)aq{X) - 0(-a)ag(l/A) - 1. 

X&q 
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Proof: According to Lemma [3.11 one has 

+ a)(j){x'^ + b) = ^ (j){x)(j){x + a)(j){x^ + 6) + ^ (j){x + a)(j){x‘^ + b). 

X&q X£¥q X&¥q 

We already saw during the course of the proof of Lemma 15.11 that 

(j){x)(j){x + a)(j){x‘^ + b) = —0(—6)ag(A) — 1. 

X£¥q 

Furthermore, by replacing x by —ax, one knows that 

0(x + a)(j){x‘^ + b) = 0(-a) 0(a; - 1)0 (x"^ + = -0(-a)ag(l/A). 

xSFq ajGFq A / 

It follows that 


0(x^ + a)0(x'^ + 6) = —0(—6)aq(A) — 0(—a)ag(l/A) — 1. 


xGFo 


□ 


Now one can express the character sum 0(2,4) (a, b) in terms of the Gaussian hyper- 

A 


geometric series 3 F 2 
Lemma 15.11 


e e 


A + 1 


, where A = /b, up to a sign ambiguity, see 


Corollary 5.3. Let a, 6 G . Set A = a^/b. Assume moreover that A ^ {0, —1}. Let 
q = I (mod A) and xa « character of order 4 defined over Fg. Then 


Xa Xi 
€ 


0(2,4) (a, &) = q(/>(-b) X 2 P 1 
Proof: Proposition 1.2 in [B] indicates that 

s('A) = -q X 2F1 

Now the result follows using Theorem 15.21 


A + qcfi—a) X 2 P 1 


Xa Xi 
€ 


A 


1 . 


1 Xa xi 

- 

\ ^ 

/ 


□ 
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6 Hyperelliptic curves and their Jacobians 


We may express the number of Fg-rational points on a certain hyperelliptic curve in 
terms of a character sum involving the quadratic character </>. This holds because a 
hyperelliptic curve C is the union of two affine pieces 

y'^ = f{x), and z'^ = f {1 /x) 

where f{x) G Fg[a;]. If C has an Fg-rational Weierstrass point then one may assume 
that deg/(a;) is odd. In fact the genus of the curve C is g ii deg/(x) is either 2g + 1 
or 2g + 2. In this section the polynomial f{x) is monic. Thus one can think of C as 
the smooth projective model of the affine curve y'^ = f{x), which is obtained by adding 
one or two points at inhnity according to deg/(x) being odd or even respectively. In 
particular one has 


|C(F,)| = r + i^{{x,y)e¥l:y^ = f{x)} 

= ^ [1 + 0(/(a^))] 

X&q 

= r + q+^(j){f{x)) (1) 

where r = 1 if deg/(a;) is odd; and r = 2 if deg/(a;) is even, see [121 Ch V, §1] for 
this equation when f{x) is a polynomial of degree 3. In other words r is the number of 
rational points at infinity. 

One then can use Hasse-Weil bound on the size of the set of rational points over ¥q 
in order to find a bound on the absolute value of the corresponding character sum. One 
recalls that if C is an irreducible nonsingular algebraic curve over F^ of genus g > 1, 
then Hasse-Weil Theorem gives that 


\C(¥q)\-q 
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Furthermore one can use the following lemma to evaluate the number of rational 
points on the Jacobian varieties of several hyperelliptic curves over a prime held. For 
the dehnition of the Jacobian of an abelian variety, the reader may consult [HI Dehnition 
7.4.40]. 


Lemma 6.1. Let C be a smooth projective curve of genus g > 1. Let Jc be the Jacobian 
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ofC. If Nk = |C'(Fpfe)| then 


N^+N2 


-P 


l*(Ff)l = 


I N,N^ I 

6 ' 2 "'”3 


1 + 


if 9 = 2 
pNi if 9 = ^ 

i/iVfc = 1 + p^, k = 1,2,. 


In [5] the authors evaluated the Jacobsthal sums 'ipn{cb) and 0n(a) for small values 
of n. For the convenience of the reader we are going to write the number of Fp-rational 
points on the hyperelliptic curves described by the affine equations = x” + a or 
y'^ = x{x‘^ + a) for some values n < 8 using the results in [5] and the equality given in 

( 10 . 

Proposition 6.2. Let p be a prime. Let Cn be a hyperelliptic curve defined by the affine 
equation y"^ = x^ + a, and C'^ defined by y'^ = x{x^ + a) where p\ a. Then the following 
statements hold. 


i. Assume p = 1 (mod 6) where p = ai^ + Sbl and =—1 (mod 3). Letp^ = Iil. One 
has 




1 + p + 20 (a)a 3 , if a is a cubic (mod p) 

1 + p — 0 (a)(a 3 + Spsifeal), otherwise, 


|C^ 6 (Fp)| 


1 + p + 2 [1 + 0(a)] 03 , if a is a cubic (mod p) 

1 + p - 0 (a )(03 + 3 P 3 I 63 I) - (03 - 3 P 3 I 63 I), otherwise, 


|C^3(Fp)| 


1 + p + 203 , if a is a cubic (mod p) 

1 + p — (03 — 3 P 3 I 63 I), otherwise. 


a. Assume p = 1 (mod A) where p = c\ + d\ and C 4 = —1 (mod 40 One has 

{ 1 + p + 2C4, 

1+P-2C4, 

1+P±2|d4 
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if a is a quartic (mod p) 

if a is a quadratic but not a quartic 

otherwise, 




iii. Assume that p = 1 (mod 8) where p = 
' l + p + 4(-l)(P-i)/«a8, 

l + p 

l+p±A\bs\ 




Og + 26g and as ^ —1 (mod A). One has 

if a is an octic (mod p) 
if a is a quartic but not an octic (mod p) 
if a is a quadratic but not a quartic (mod p) 
otherwise, 


|C^ 8 (Fp)| 


' 1 +P + 2c4 + 4(-1)(p-i)/® 08 , if a is an octic (mod p) 

1 + p + 2 c 4 - 08 , if a is a quartic but not an octic (mod p) 

< 

l+p — 2 c 4 if a is a quadratic but not a quartic (mod p) 

1 + p ± 2 |(i 4 | ± 4|68| otherwise. 


Using the results in §4 of [5] one can find |Cg(Fp)| and |Ci 2 (Fp)| for p = 1 (mod 
12); |C*i 2 (Fp)| and |C* 24 (Fp)| for p = 1 (mod 24). In fact one can obtain the number of 
Fp 2 -rational points on the same curves using similar results over Fp 2 in |1]. 

In [H] explicit formulas for the number of Fp-rational points on hyperelliptic curves 
dehned by = x® + o, = x(x® + o), and p^ = + o are given. 

Since we expressed some character sums (a, b) and 0(m,n) (a, b) in terms of Gaus¬ 
sian hypergeometric series, and knowing that these character sums are relevant to the 
number of rational points on hyperelliptic curves, see o. one will represent the number 
of rational points using Gaussian hypergeometric series. 

Theorem 6.3. Let m be a positive integer such that q = 1 (mod 2m). Let x be a 
character of order 2m over F^. Let Cm and be hyperelliptic curves defined by the 
affine equations y'^ = (x'" + a) (x™'+ 6) and y"^ = x(x™'+ a)(x™'+ 6) overWg, respectively. 
One has 

|Gm(Fq)| = 2A-q + 'lf(m,m){a,b) 

m—1 

= 2 + q + q(j){-ab)'^x^\ 

k=0 

and 

l^m(Fg)| = 1 + ? + 0(m,m)(a, &) 

m—1 

= l + g + g0(-a6) 

k=0 


-a) X 2^1 


X 


^2k 

2k-\-m 


-a) X 2 F 1 


X 


^2k-\-l 

2k-\-l-\-m, 
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Proof: This is Theorem 14.61 and ([T]). 


□ 


Theorem 6.4. Leta,b G . Set X = a?/h. We assume moreover that X ^ {0,-1}. Let 
ag{X) be the trace of the Frohenius of the elliptic curve described by = {x — l)(x^ +A). 
Let C he the hyperelliptic curve defined by the affine equation y"^ = + a){x'^ + b). 

Then 


|C(Fg)| = 2 + q + 'ip(^ 2 A)i(^,b) = l + q-(j){-b)ag{X)-(j){-a)ag{l/X). 


In particular if q = 1 (mod 4) and x o character of order 4 over F^ then 




1 + g + qcfi-b) X 2-Fi 



+ g0(-a) X 2^1 



Moreover one has 


0(-6) X 2^1 



+ 0(—a) X 2-^1 




Proof: This is Theorem I5.2[ Corollary 15.31 and l|T|). The estimate is obtained using 
Hasse-Weil bound. □ 

Since the hyperelliptic curve C in Theorem 16.41 is of genus 2 one may use Lemma 
16.11 to express the number of Fp-rational points on the Jacobian J of C in terms of 
hypergeometric series. 
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